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Phase diversity is a phase-retrieval algorithm that uses a pair of intensity images taken symmetrically about
the wave front to be determined. If these images are taken about the system input pupil this is equivalent to
a curvature-sensing algorithm. Traditionally a defocus aberration kernel is used to produce the phase-diverse
data. We present a generalization of this method to allow the use of other functions as the diversity kernel.
We discuss the necessary and sufficient conditions that such a function must satisfy for use in a null wave-front
sensor. Computer simulations were used to validate these results. © 2004 Optical Society of America
OCIS codes: 010.0010, 010.1080, 010.7350.

Phase diversity (PD) can be used as an algorithm for
the reconstruction of wave-front phase from intensity
images captured in two planes symmetrically placed
about the wave front to be determined and normal to
the axis of propagation.1 – 3 When these measurement
planes are symmetric about the pupil of the system,
PD becomes a curvature-sensing system.4 Figure 1 is
a schematic of the measurement and wave-front (pupil)
planes that shows how the curvature of a distorted
wave front affects the intensity in the measurement
planes. Portions of the wave front that are locally
concave will propagate toward a focus and produce a
higher-intensity spot on the second measurement plane
than was seen on the first. The opposite is true for
convex portions of the wave front, which diverge as
they propagate. The intensity difference between the
measurement planes is indicative of the location, direction, and magnitude of the wave-front curvature.
It has been shown that a quadratically distorted
diffraction grating can be used to simultaneously
image multiple object planes onto a single detector.5
The diffraction grating provides a different level of
defocus in each diffraction order and the intensity
images formed on a CCD detector provide data for the
PD algorithm. The wave front is then reconstructed
using a Green’s function solution to the differential
intensity transport equation.6 The defocus phase diversity (DPD) wave-front sensor can provide real-time
data reduction with high (subnanometer) accuracy.7
Assumptions imposed by use of the Green’s function
involve the uniformity of the input intensity within
the pupil, the continuity of the wave-front phase, and
the continuity of the first derivative (the slope) of the
phase.6 These assumptions limit the DPD wave-front
sensor’s performance with scintillated or discontinuous wave fronts and also potentially exclude the use of
pixelated corrective elements; one of the most cost effective, versatile, and lightweight modulator solutions
for adaptive optics systems.8 In this Letter we will
consider how to overcome these limitations through
generalization of the PD method.
The generalized phase diversity (GPD) method,
like the DPD sensor, will use two intensity images
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to perform wave-front sensing. However, DPD’s use
of two images that are symmetrically defocused with
respect to the unknown wave front is replaced in
GPD by a pair of images of the wave-front plane,
each convolved with arbitrary but related aberration
functions. These functions may include, but will not
be limited to, defocus. By analyzing the GPD sensor
as a simple null sensor we restrict the permitted
aberration functions to those with certain symmetries.
A sufficient condition for operation of the null sensor
is that it provides a null output for a plane, undistorted input wave front and will generate an error
signal when aberrations are present. This signal
should ideally encode the position, direction, and
amplitude of the wave-front error. Let us consider
the input wave front at the pupil plane to be
C共r兲 苷 jC共r兲jexp关iw共r兲兴 ,

(1)

where r is the coordinate in the pupil plane. The
Fourier transform of Eq. (1) can be expressed as
c共j兲 苷 H 共j兲 1 A共j兲 ,

(2)

where H 共j兲 is the Hermitian component [the transform of the purely real part of C共r兲] and A共j兲 is the
anti-Hermitian component (the transform of the purely

Fig. 1. Schematic of the measurement and wave-front
planes showing the connection between wave-front shape
and intensity.
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imaginary part). The symmetries of these components will be required later and can be expressed as
H 共j兲 苷 H ⴱ 共2j兲 ,

A共j兲 苷 2Aⴱ 共2j兲 .

(3)

The aberration kernel that we choose to apply for GPD
will be encoded into a diffraction grating as a complex
filter function F6 共j兲, whose Fourier transform f6 共r兲 is
convolved with C共r兲. The filter function has the form
F6 共j兲 苷 R共j兲 6 iI 共j兲, where R共j兲 is the real part and
I 共j兲 is the imaginary part of F6 共j兲. We are particularly interested in the symmetries of R共j兲 and I 共j兲,
which will provide us with a useful null sensor. These
allowed symmetries will form the basis of the necessary conditions for the GPD wave-front sensor.
If j1 共r兲 is the intensity image in the 11 diffraction
order and j2 共r兲 is the intensity in the 21 diffraction
order, the detected intensity functions can be expressed
algebraically as
ÇZ
Ç2
j6 共r兲 苷
djc共j兲F6 共j兲exp共2ijr兲 .
(4)
We are interested in the difference in intensity between
these two images:
d共r兲 苷 j1 共r兲 2 j2 共r兲
∑Z
苷 2i
djc共j兲I 共j兲exp共2irj兲
3

2

3

Z
Z
Z

dj 0 c ⴱ 共j 0 兲R共j 0 兲exp共irj 0 兲
djc共j兲R共j兲exp共2irj兲
∏
0
0
0
ⴱ
dj c 共j 兲I 共j 兲exp共irj 兲 .
0

(5)

Note that d共r兲 in Eq. (5) is a real-valued function,
since the quantity in brackets is a difference between
two complex conjugates and is thus purely imaginary.
Substituting from Eq. (2) into Eq. (5) and expanding
and grouping terms gives
Z

2

djH 共j兲I 共j兲exp共2irj兲
Z

Z

dj 0 H ⴱ 共j 0 兲R共j 0 兲exp共irj 0 兲

djH 共j兲R共j兲exp共2irj兲

Z

dj 0 H ⴱ 共j 0 兲I 共j 0兲exp共irj 0 兲 ,
(6.1)

Z

djH 共j兲I 共j兲exp共2irj兲

2

Z

Z

dj 0 Aⴱ 共j 0 兲R共j 0 兲exp共irj 0 兲

djA共j兲R共j兲exp共2irj兲

Z

dj 0 H ⴱ 共j 0 兲I 共j 0兲exp共irj 0 兲 ,
(6.2)

Z

djA共j兲I 共j兲exp共2irj兲

2

Z

Z

Z

dj 0 H ⴱ 共j 0 兲R共j 0 兲exp共irj 0 兲

djH 共j兲R共j兲exp共2irj兲

djA共j兲I 共j兲exp共2irj兲

2

Z

Z

Z

dj 0 Aⴱ 共j 0 兲I 共j 0兲exp共irj 0 兲 ,
(6.3)

dj 0 Aⴱ 共j 0 兲R共j 0 兲exp共irj 0 兲

djA共j兲R共j兲exp共2irj兲

Z

dj 0 Aⴱ 共j 0 兲I 共j 0兲exp共irj 0 兲 ;
(6.4)

d共r兲兾2i is the sum of expressions (6.1)–(6.4). These
expressions are generally valid, and no limiting
assumptions have so far been placed on the wave
front. All the terms contain either R共j兲 or I 共j兲, so we
immediately see that any filter function used in a GPD
wave-front sensor must be complex. If either R共j兲 or
I 共j兲 is zero ;j, d共r兲 will provide a null output for all input wave fronts. In each expression [(6.1) – (6.4)] the
two pairs of integrals are term by term the complex
conjugates of each other. We also note that (6.1) and
(6.4) contain only Hermitian or anti-Hermitian terms.
Expressions (6.2) and (6.3) contain cross terms,
where each integral pair contains a Hermitian and
an anti-Hermitian component. Now let us consider
the different symmetries of the real and imaginary
parts that we could use to build the filter function.
First let us consider d共r兲 when the real and
imaginary parts are both even functions of j. In expression (6.1) we see that each integral is purely real
valued because of the symmetry of H 共j兲 [see Eq. (3)]
and the fact that I 共j兲 and R共j兲 are both real valued and
symmetric. Since each term in (6.1) is real-valued
;c, this difference of two complex conjugates will be
0 ;c. Similarly, expression (6.4) is also always zero.
Our null sensor signal is therefore a combination
of (6.2) and (6.3). A plane wave is def ined as a
wave front with constant phase. Without any loss
of generality we can assume this phase to be zero,
and therefore the plane wave front is a purely real
function with a purely Hermitian transform. For a
purely real input wave front [i.e., A共j兲 苷 0] each of the
integral pairs in expressions (6.2) and (6.3) reduces to
zero and a null output is obtained. Any input wave
front with nonzero real and imaginary parts, as is the
case with a distorted wave front, will produce an error
signal. Similarly, when the real and imaginary parts
of F6 共j兲 are both odd functions of j, the integrands
in expression (6.1) are all purely anti-Hermitian and
the integrands in (6.4) are purely Hermitian, and
both expressions will therefore be 0 ;c. Thus d共r兲
again reduces to the sum of expressions (6.2) and (6.3).
Filter functions with suitable symmetries can be composed of Zernike polynomials that, when expressed in
polar form, have the radius r raised to an even power
and even multiples of the angle u.
Now let us consider mixed symmetries; i.e., one of
R共j兲 and I 共j兲 is odd and one is even. By the same
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Fig. 2. Error signals d共r兲, produced for (a) a distorted test
wave front, using (b) a spherical aberration f ilter function
and (c) a defocus filter function.

argument that reduced expressions (6.1) and (6.4) to
zero in the previous case, this time (6.2) and (6.3)
cancel. The error signal therefore becomes dependent
on the sum of expressions (6.1) and (6.4). In (6.1) and
(6.4) the mixture of odd and even symmetry leads to
the result that one integral in each expression is purely
real valued and the other is purely imaginary. It can
be clearly shown that for a purely real plane-wave
input an error signal will thus be generated by this
filter function. For the sum of expressions (6.1) and
(6.4) to generate a null output ;r at least one integral
in each pair must reduce to zero. This is not possible
with anything other than trivial inputs. Such filter
functions are therefore not suitable for use in a null
sensor.
A GPD wave-front sensor that is based on a filter
function with similar symmetry (complex even or complex odd) will have a difference function as in expressions (6.2) and (6.3) containing only cross terms. If
the sign of the wave-front phase changes then, as a result of the symmetry of A共j兲, the sign of the difference
function d共r兲 will also change. Thus the difference signal will encode the sense of the error.
The location of the error on the wave front is directly related to a共r兲 [the transform of A共j兲]. If the
filter function with which the input wave front is convolved has a maximum at the origin, then the position
of the wave-front error will be localized about the point
that a共r兲 is nonzero. For a GPD wave-front sensor designed to take the intensity images in the pupil plane
there will be a direct 1 –1 mapping between the position of the error on the wave front and its position on
the intensity image.
Computer simulations were conducted to validate
the analysis presented here and to explore the possibility of optimization of the f ilter function given a priori
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information about the wave-front error. These simulations showed that significant error signals are generated for mixed symmetry filters with both plane and
distorted input wave fronts. Similar symmetry f ilters
were tested, and it was confirmed that these gave significant signal for distorted wave fronts, whereas for
plane wave fronts the signal was in the zero to within
rounding error.
Figure 2 shows simulated error signals d共r兲 for a
distorted test wave front, with a spherical aberration
filter function, and with a defocus filter function. As
Figs. 2(b) and 2(c) demonstrate, a similar error signal
amplitude is generated in both cases. These figures
also show that the error signal prof ile produced by
spherical aberration represents more faithfully the input pupil phase and shows a 1–1 mapping between the
position of the wave-front error in the pupil and its position in the difference of the intensity images. In the
defocus case the error signal shows the pupil phase,
but with much lower contrast, as Fig. 2(c) shows.
It is not necessary, but it is sometimes desirable, to
reconstruct the wave front. We ran further simulations, using an iterative Gerchberg – Saxton approach,
to study wave-front reconstruction using different
phase diversity kernels. A GPD wave-front sensing
system can use pure Zernikes, combinations of Zernike
functions, or other types of function that satisfy the
symmetry conditions. In cases where a priori information about the wave-front errors is available, this
information can be used to choose a diversity kernel
appropriate to the application. Our simulations have
shown that, unless it is known a priori that the
test wave front is asymmetric, greater sensitivity is
achieved when one is using symmetric f ilter functions.
The potential to optimize GPD f ilter functions for
particular applications and optimize sensitivity for
detection of the most common errors present in a
system will be explored in future publications.
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